
where now

hi =






1√
N

if i ∈ A−A�

1
N

otherwise,

and time is left unscaled. Taking the limit as N → ∞, we find that the limiting generator is

�

i∈A�

θmi,∆z̃i (f(∆)− f(z̃)) .

Thus, the process reduces to a simple Markov jump process, in which after an exponentially

distributed time with rate
�

i∈A�

θmi,∆z̃i,

the process jumps to the graveyard state, i.e. an individual of the advantageous type is

produced, while the frequencies of each type remain fixed at their initial values over this

timescale. Further, the rate at which advantageous offspring are produced from an individual

of type i ∈ A� is

θmi,∆z̃i,

from which we conclude that the probability that the first advantageous individual had a

parent of type i ∈ A is

P {type i} =






θmi,∆ z̃i�
j∈A� θmj,∆ z̃j

if i ∈ A�

0 otherwise,

while

P {T ≥ t} = e
−(

�
i∈A� θmi,∆ z̃i)t.

This expression gives the waiting time before arrival of an individual with the newly adaptive

genotype, in the case that (some) adaptable types are common at the time of the environ-
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mental shift. In contrast to the case in which all adaptable types are rare, we see that the

waiting time in this case is exponentially distributed, and that the individual who gives rise

to the newly adaptive genotype aways comes from an adaptable genotype i ∈ A�, i.e. the

common subset of adaptable types at the time of the environmental shift. As a result, there

is a different relationship between between environmental robustness, rate of environmental

perturbations, etc. compared to the case case in which adaptable types are rare.

2 Relaxation of model assumptions

In this section we relax each of the main model assumptions used in the main text, and we

revise our analysis accordingly. We demonstrate that our qualitative results are unchanged

by relaxing these assumptions.

2.1 Mutation rates:

In our simulations we have chose a per-genome mutation rate of µ = 10−3. The reason for

this is as follows: for a non-synonymous substitution rate of 10−8, µ = 10−3 is equivalent to

a genome of 105 nucleotides. The rate of mutations that result in a newly adaptive genotype

is not µ = 10−3 but is µ(1− q)/K (see Fig 2 of the main text). In our simulations we have

typically picked K = 5 and q = 0.5 so that µ(1 − q)/K = 10−4. It corresponds to around

104 possible adaptive mutations (given our assumed per-nucleotide substitution rate). It

therefore corresponds to the case in which many genes are initially involved in adaptation.

Mutation rates between other genotype classes can be calculated in a similar way. Smaller

mutation rates between genotype classes can be achieved by choosing different values for

other parameters,. For example, taking K = 100 results in a rate of adaptive mutations
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of ∼ 10−6. However doing this adds no new insight since we have catalogued the way the

adaptation time varies with all of our model parameters.

2.2 Correlated phenotypic neighbourhoods:

In the main text we assume that, following a mutation, the phenotypic neighbourhood of

the resulting individual is completely redrawn – that, the set of its K phenotypic neighbours

is drawn uniformally from the set of P alternatives. This results uncorrelated phenotypic

neighbourhoods amoung different genotypes. We relax this assumption by introducing a pa-

rameter f , which is the fraction of the K phenotypes in a individual’s phenotypic neighbour-

hood that are redrawn following mutation. When f = 1 we recover the case of completely

uncorrelated phenotypic neighbourhoods. When f = 0, all genotypes have the same pheno-

typic neighbourhood. Introducing f results in a modified mutation rate between adaptable

and non-adaptable types. Specifically, the rate of mutation from non-adaptable to adapt-

able types is µqf
K

P
and from adaptable to non-adaptable types is µq

�
1− f

K

P

�
. All other

mutation rates and selective coefficients remain unchanged from those presented in the main

text. The effect of decreasing f is therefore identical to increasing P . Decreasing the rate

of influx to adaptable types tends to slow overall adaptation time, but it does not alter the

qualitative behaviour of the model described in the main text, which depends on the selective

coefficients. This is illustrated in Fig. S1 for the variation in adaptation time with rate of

environmental perturbations, �.

[Figure 1 about here.]
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2.3 Variation in the size of phenotypic neighbourhoods with geno-

type:

Next we relax the assumption that all genotypes have exactly K phenotypic neighbours.

To do this we instead assign each of the P alternative phenotypes to the phenotypic neigh-

bourhood of a genotype with probability k, following mutation. The size of the phenotypic

neighbourhood, K, for a given genotype is therefore drawn from a binomial distribution

with mean K̄ = kP . Because phenotypic neighbourhood size varies with genotype, differ-

ent adaptable types have different selection coefficients. Adaptable types can therefore no

longer be simply separated into categories of high and low robustness. Instead they must be

separated into categories according to their environmental robustness φ and the size of their

phenotypic neighbourhood K. The selective coefficient for a high robustness genotype with

K phenotypic neighbours is given by

σH(K)√
N

= �
1 + s

K
(1− φH) + � (φH − φL)XL (6)

and for low robustness genotypes with K phenotypic neighbours by

σL(K)√
N

= �
1 + s

K
(1− φL)− � (φH − φL)XH . (7)

Let Y K

H
is the number of individuals, rescaled by

√
N , at high robustness genotypes with K

phenotypic neighbours. When adaptable types are rare, the population at such genotypes

evolves according to
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dY
K

H
=

�
σH(K)Y K

H
+G(K)qθ

K

P
((1− πH)XH + πLXL)

�
dt+

�
2Y K

H
dBH(t) (8)

Similarly, let Y K

L
is the number of individuals, rescaled by

√
N , at low robustness genotypes

with K phenotypic neighbours. The population at these genotypes evolves according to

dY
K

L
=

�
σL(K)Y K

L
+G(K)qθ

K

P
(πHXH + (1− πL)XL)

�
dt+

�
2Y K

L
dBL(t) (9)

where G(K) is the probability that the genotype has K neighbours,

G(K) =

�
P

K

�
kK(1− k)P−K

�
P

K=1

�
P

K

�
kK(1− k)P−K

Where we assume that all genotypes must have at least one phenotypic neighbour (i.eK ≥ 1).

Finally, the rate at which individuals with the newly adaptive genotype are produced thor-

ough mutation at adaptable genotypes with K phenotypic neighbours is µ1−q

K
.

The full distribution of adaptation times from each adaptable type can be found (see Sup-

porting Information). Let P
�
TK

H
> t

�
be the waiting time distribution from high robustness

genotypes with K phenotypic neighbours, and P
�
TK

L
> t

�
be the waiting time distribution

from low robustness genotypes with K phenotypic neighbours. The expected waiting time

for an individual with the newly adaptive phenotype to arise is then
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E [T ] =

� ∞

0

P�

K=1

P
�
T

K

H
> t

�
P
�
T

K

L
> t

�
dt.

Allowing K to vary does not change the set of qualitative behaviours described in the main

text. However it does change the parameter values for which those behaviours occur. This

is because the observed behaviours depend on whether low robustness adaptable types are

selectively favoured compared to the population prior to the environmental shift. This in

turn depends on the ratio s

K
(see Table 2, main text). Because K is distributed across

a range of values, this tends to result in some low robustness genotypes being selectively

favoured and some disfavoured. Despite this, all the qualitative behaviours described in the

main text are still observed, as shown in Figure S2.

[Figure 2 about here.]

2.4 Inclusion of non-lethal deleterious mutations:

We now relax the assumption that all deleterious mutations are lethal, i.e that alternative

phenotypes have fitness 0. To do this we introduce four new classes of genotypes. Previously

we had classes

• A – High robustness and adaptable

• B – Low robustness and adaptable

• C – High robustness and non-adaptable

• D – Low robustness and non-adaptable
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Each of these four classes are now split into two – fit and deleterious. The phenotype coded

for by the “fit” genotypes has fitness 1 and the phenotype coded for by the “deleterious” geno-

types has fitness 1−d, where d is O
�

1√
N

�
or larger. As before, environmental perturbations

may result in phenocopy, such that individuals develop the phenotype of their mutational

neighbours. As a result genotypes Cfit and Dfit have fitness 1−d(1−φH)� and 1−d(1−φL)�

respectively. Genotypes Cdel and Ddel are assumed to both have fitness 1−d – i.e we neglect

the influence of phenocopy on the fitness of these genotypes. Genotypes Afit and Bfit have

fitness 1− d(1−φH)�+
s+d

K
(1−φH)� and 1− d(1−φL)�+

s+d

K
(1−φL)� respectively. Finally,

genotypes Adel and Bdel have fitness 1− d+ s+d

K
(1− φH)� and 1− d+ s+d

K
(1− φL)� respec-

tively. Mutations between the different classes occur as described for the previous model,

with the modification that mutations at a “fit” genotype which are non-neutral result in a

“deleterious” genotype. Mutations at a “deleterious” genotype which are non-neutral result

in a “fit” genotype with probability 1
K
. The resulting model has four classes of adaptable

genotype, with selective coefficients

σ
fit

H√
N

= �
d+ s

K
(1− φH) + �d (φH − φL)XL (10)

for genotypes Afit,

σdel

H√
N

= �
d+ s

K
(1− φH) + �d (φH − φL)XL − d (1− �(1− φH)) (11)

for genotypes Adel,
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σ
fit

L√
N

= �
d+ s

K
(1− φL)− �d (φH − φL)XH (12)

for genotypes Bfit, and

σdel

L√
N

= �
d+ s

K
(1− φL)− �d (φH − φL)XH − d (1− �(1− φL)) (13)

for genotypes Bdel. We have assumed that, prior to the environmental shift, the whole pop-

ulation can be treated as being only at “fit” genotypes.

The full distribution of adaptation times from each adaptable type can be found (see Sup-

porting Information) for this model. Let P
�
T

fit

H
> t

�
and P

�
T del

H
> t

�
be the waiting time

distribution for high robustness genotypes, and P
�
T

fit

L
> t

�
and P

�
T del

L
> t

�
be the waiting

time distribution for low robustness genotypes. The expected waiting time for an individual

with the newly adaptive phenotype to arise is then

E [T ] =

� ∞

0

P
�
T

fit

H
> t

�
P
�
T

fit

L
> t

�
P
�
T

del

H
> t

�
P
�
T

del

L
> t

�
dt.

Once again, this model produces the same set of qualitative behaviours as described in the

main text. However it changes the parameter values for which those behaviours occur. In

particular, the different selective regimes corresponding to different behaviours, described in

Table 2 of the main text are 1+s

K
< 1 and 1+s

K
<

φH−φL

1−φL

. In this model the corresponding

selective regimes are d+s

K
< d and d+s

K
< d

φH−φL

1−φL

. This has the effect that, if d < 1, the
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selective regime described as “unrealistic” in the main text, requiring large values of s, can

now occur for smaller values of s, making the full range of behaviours described in the main

text attainable under more realistic sets of parameters. The full range of behaviours of this

model are shown in Figure S3.

[Figure 3 about here.]

2.5 Adaptability when low robustness adaptive genotypes are se-

lected against:

Wemay also consider the case when newly adaptive genotypes with low robustness have lower

fitness than the mean population fitness. This occurs in the following scenario: Assume that

newly adaptive genotypes inherit the environmental robustness of the individual that gave

rise to them. Therefore high robustness adaptive genotypes have fitness (1 + s)(1 − (1 −

φH)�) +
1
K
(1 − φH)� and low robustness adaptive genotypes have fitness (1 + s)(1 − (1 −

φL)�) +
1
K
(1− φL)�. The mean fitness of the population at the environmental shift is simply

1− (1− φH)�, therefore low robustness adaptive genotypes are only selectively favoured if

(1 + s)(1− (1− φL)�) +
1

K
(1− φL)� > 1− (1− φH)�

i.e if

s >
� ((φH − φL)K − (1− φL))

K(1− (1− φL)�)

otherwise they are selected against. When this is the case we consider that only high
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robustness adaptive genotypes are truly adaptive, and calculate the waiting time until an

individual with this genotype arises. This is easy to do since low robustness adaptable geno-

types produce high robustness adaptive genotypes at rate (1−q)(1−πL)
K

and high robustness

adaptable genotypes produce high robustness adaptive genotypes at rate (1−q)πH

K
. We can

neglect the effect of low robustness adaptive genotypes mutating to produce high robustness

adaptive genotypes, since we assume that the population is initially at the non-adaptable

genotypes which cannot mutate directly to the newly adaptive genotypes. Using these modi-

fied mutation rates we determine the waiting time until a high robustness adaptive genotype

arises (assuming that s is sufficiently small that low robustness adaptive genotypes are se-

lected against). These waiting times are shown varying with the model parameters in Figure

S4 below. As can be seen the same qualitative behaviours as described for our model in the

regime 1+s

K
< 1 are recovered in this case, with the addition that increasing low robustness

genotype clustering increases adaptation time (since it slows the rate of mutations from low

robustness adaptable genotypes to high robustness adaptive genotypes).

[Figure 4 about here.]

2.6 Other influences of clustering of high-robustness genotypes on

adaptation time:

We also examined how the clustering of high-robust genotypes influences the relationship

between environmental perturbations and mean adaptation time, in the regime 1+s

K
<

φH−φL

1−φL

.

As described in the main text, in this regime increased clustering of high-robust genotypes

facilitates adaptation, regardless of the amount of environmental noise. In addition, Figure

5 shows that the position of the maximum adaptation time occurs at a lower value of �,

when genotypes are more clustered. In other words, clustering of robust genotypes broadens
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the range over which increasing the frequency of environmental perturbation will facilitate

adaptation.

[Figure 5 about here.]

Dependence of adaptation time on mutational robustness:

We have also studied how environmental noise can influence the relationship between mu-

tational robustness and adaptability. Previous work has shown that, in the absence of

environmental noise, intermediate levels of mutational robustness produce the fastest rates

of adaptation (Draghi et al., 2010; Wagner, 2008). But how does adaptation time depend

on the amount of mutational robustness, q, when environmental noise is present?

We find that introducing environmental noise does not qualitatively change the way in

which adaptation time varies with mutational robustness: intermediate levels of mutational

robustness still produce the faster rates of adaptation. Nonetheless, environmental noise

does alter the quantitative aspects of this relationship (Figure 6), in two ways.

Firstly, noise can either increase or decrease overall adaptation time compared to the

case when environmental noise is absent. The direction of this effect depends on whether

adaptable individuals with low environmental robustness are selectively favored or disfavored,

that is whether 1+s

K
>

φH−φL

1−φL

or 1+s

K
<

φH−φL

1−φL

. As above, there is a simple intuition for

this behavior. In the first of these regimes, both types of adaptable individuals gain a

direct selective benefit in the presence of noise, speeding adaptation. In the second regime,

however, the population concentrates at genotypes with high environmental robustness, and

adaptation is generally slower (especially when noise is frequent).
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Aside from changing the overall rate of adaptation, environmental noise also changes the

value of q that maximizes the rate of adaptation (Figure 6). That is, environmental noise

alters the level of genetic robustness that is optimal for rapid adaption.

[Figure 6 about here.]

Time series:

We plot time series data for the 4 different classes of genotype. Prior to the environmental

shift the population is in equilibrium (Fig. 7). After the environmental shift individuals

start to accumulate at adaptable genotypes due to phenocopy. Fig. 9 shows time series for

parameters identical to those shown in Fig.8, with the exception that πL has been varied

(πL = 0.5 in Fig. 7 and πL = 0.1 in Fig. 9). The fact that these two plots are the same

illustrates that piL has virtually no effect either on the equilibrium prior to the environmental

shift or on the adaptive dynamics following the environmental shift. Fig. 8 shows time series

plots for the same parameters as Fig. 7, with the exception that s has been increased (s = 1

in Fig. 8 and s = 6 in Fig. 8), such that the two cases lie in different selective regimes. We

see that in Fig. 8, in contrast to Fig. 7, individuals accumulate rapidly at low robustness

adaptable genotypes.

[Figure 7 about here.]

[Figure 8 about here.]

[Figure 9 about here.]
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Figure 1: Correlated phenotypic neighbourhood – Mean adaptation time as a function of
the probability of environmental perturbation, �. Plots show different levels of correlation
between phenotypic neighbourhoods, with f = 1 (red, uncorrelated), f = 0.5 (blue) and f =
0.3 (black). As phenotypic neighbourhoods become more correlated, mean adaptation time
increases. Plots show means of 10,000 replicate Monte-Carlo simulations with populations
of N = 10, 000 individuals, with µ = 0.001, P = 100, K = 5, q = 0.5, φH = 0.8, φL = 0.2
and πH = 0.9 with s = 2.
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(a) Mean adaptation time as a function of high ro-
bustness genotype clustering, πH

0.0 0.2 0.4 0.6 0.8 1.0
0

200

400

600

800

1000

Strength of low robustness genotypes, ΦL

A
da
pt
at
io
n
tim
e
�gene

ra
tio
ns
�

(b) Mean adaptation time as a function of robust-
ness of low robust genotypes, φL
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(c) Mean adaptation time as a function of robust-
ness of high robust genotypes, φH
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(d) Mean adaptation time as a function of the prob-
ability of environmental perturbation, �
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(e) Mean adaptation time as a function of muta-
tional robustness, q

Figure 2: Variation in size of phenotypic neighbourhood – Plots show populations of N =
10, 000 individuals, with µ = 0.001, P = 100, K̄ = 5, q = 0.5, φH = 0.9, φL = 0.1 and
πH = 0.5 with s = 2 (red line) and s = 8 (blue line). Lines indicate the analytic solution to
our model, whereas dots indicate the means of 10,000 replicate Monte-Carlo simulations.
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(a) Mean adaptation time as a function of high ro-
bustness genotype clustering, πH
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(b) Mean adaptation time as a function of robust-
ness of low robust genotypes, φL
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(c) Mean adaptation time as a function of robust-
ness of high robust genotypes, φH

0.0 0.2 0.4 0.6 0.8 1.0
0

200

400

600

800

1000

Frequency of environmental perturbations, Ε

A
da
pt
at
io
n
tim
e
�gene

ra
tio
ns
�

(d) Mean adaptation time as a function of the prob-
ability of environmental perturbation, �
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(e) Mean adaptation time as a function of muta-
tional robustness, q

Figure 3: Non-lethal deleterious mutations – Plots show populations of N = 10, 000 individ-
uals, with µ = 0.001, P = 100, K = 10, q = 0.2, φH = 0.9, φL = 0.1 and πH = 0.5, d = 0.2
with s = 0.5 (red line) and s = 3 (blue line). Lines indicate the analytic solution to our
model, whereas dots indicate the means of 10,000 replicate Monte-Carlo simulations.
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(a) Mean adaptation time as a function of high ro-
bustness genotype clustering, πH
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(b) Mean adaptation time as a function of robust-
ness of low robust genotypes, πL
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(c) Mean adaptation time as a function of robust-
ness of high robust genotypes, φH
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(d) Mean adaptation time as a function of robust-
ness of high robust genotypes, φL
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ability of environmental perturbation, �

Figure 4: Deleterious low robustness adaptive genotype – Plots show populations of N =
10, 000 individuals, with µ = 0.001, P = 100, K = 5, q = 0.5 and s = 0.05. In (a), (b),
(d) and (e) φH = 0.9, (a), (b), (c) and (e) in φL = 0.1, in (c) and (d) πH = 0.5 and in (e)
πH = 0.9 , in (c) and (d) πL = 0.5 and in (e) πL = 0.1, in (a), (b), (c) and (d) � = 0.1. Lines
indicate the analytic solution to our model.

32



0.0 0.2 0.4 0.6 0.8 1.0
0

500

1000

1500

2000

Frequency of environmental perturbations, Ε

M
ea
n
ad
ap
ta
tio
n
tim
e
�gene

ra
tio
ns
�

Figure 5: Mean adaptation time as a function of the probability of environmental pertur-
bation, �, in the regime 1+s

K
<

φH−φL

1−φL

. In general, adaptation is faster when high-robust
genotypes are more clustered (blue line) as opposed to less clustered (red line). Moreover,
the clustering of robust genotypes broadens the range over the rate of adaptation is pos-
itively correlated with the rate of environmental perturbation. Plots show populations of
N = 10, 000 individuals, with µ = 0.001, P = 100, K = 5, q = 0.5, φH = 0.9, φL = 0.1 and
s = 2 with πH = 0.1 (red line) and πH = 0.3 (blue line). Lines indicate the analytic solution
to our model, whereas dots indicate the means of 10,000 replicate Monte-Carlo simulations.
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Figure 6: The mean adaptation time as a function of mutational robustness, q. There is
non-monotonic relationship between mutational robustness and mean adaptation time, and
the shape of this trend is preserved even in the presence of environmental noise. However,
the addition of environmental noise tends to facilitate adaptation in the regime 1+s

K
>

φH−φL

1−φL

,
and it retard adaptation otherwise. Moreover, the presence of environmental noise changes
the value of q that maximizes the rate of adaptation. Plots show populations of N = 10, 000
individuals, with µ = 0.001, � = 0.1 P = 100, K = 5, φH = 0.9, φL = 0.1 and πH = 0.5 with
s = 2 (red line) and s = 5 (blue line). The case with no environmental noise (� = 0, black
line) is also shown. Lines indicate the analytic solution to our model, whereas dots indicate
the means of 10,000 replicate Monte-Carlo simulations.
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(a) Non-adaptable high robustness
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(c) Non-adaptable low robustness
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(d) Adaptable low robustness

Figure 7: Most realistic selective regime with s/K = 0.2, πH = 0.5 and πL = 0.5 a) Non-
adaptable high robustness genotypes. This shows that the prior to the environmental shift
most of the population is at this genotype class and that following the environmental shift
there is little change in the population at this genotype class before adaptation occurs (there
is a drop of ∼ 2%). b) Adaptable high robustness genotypes. This shows that prior to
the environmental shift the population at this genotypes class is small (due to their rarity)
and that following the environmental shift and the population increases by ∼ 0.02. c) Non-
adaptable low robustness genotypes. This shows that the prior to the environmental shift
the population at this genotype class is negligible and that following the environmental shift
there is no obvious change in the population at this genotype class before adaptation occurs.
d) Adaptable high robustness genotypes. This shows that prior to the environmental shift
the population at this genotypes class is small (due to their rarity) and that following the
environmental shift and the population increases by ∼ 1.2 × 10−4, much less than the high
robustness adaptable genotypes (b). Plots are for N = 10, 000 individuals, with µ = 0.001,
P = 100, K = 5, q = 0.5 and s = 1, φH = 0.9, φL = 0.1, πH = 0.5, πL = 0.1 and � = 0.1.
Plots show averages over 1000 sample paths.
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(a) Non-adaptable high robustness
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(c) Non-adaptable low robustness
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(d) Adaptable low robustness

Figure 8: Less realistic selective regime with s/K = 1.2, πH = 0.5 and πL = 0.5 a) Non-
adaptable high robustness genotypes. This shows that the prior to the environmental shift
most of the population is at this genotype class and that following the environmental shift
there is a larger but still small change in the population at this genotype class before adap-
tation occurs (there is a drop of ∼ 10%). b) Adaptable high robustness genotypes. This
shows that prior to the environmental shift the population at this genotypes class is small
(due to their rarity) and that following the environmental shift and the population increases
by ∼ 0.07. c) Non-adaptable low robustness genotypes. This shows that the prior to the
environmental shift the population at this genotype class is negligible and that following the
environmental shift there is no obvious change in the population at this genotype class before
adaptation occurs. d) Adaptable high robustness genotypes. This shows that prior to the
environmental shift the population at this genotypes class is small (due to their rarity) and
that following the environmental shift and the population increases by ∼ 0.03, this is com-
parable to the increase at the high robustness adaptable genotypes (b). The non-negligible
population at low-robustness adaptable genotypes is the effect discussed in the main tex.
Plots are for N = 10, 000 individuals, with µ = 0.001, P = 100, K = 5, q = 0.5 and s = 6,
φH = 0.9, φL = 0.1, πH = 0.5, πL = 0.5 and � = 0.1. Plots show averages over 1000 sample
paths. 36
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(a) Non-adaptable high robustness
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(c) Non-adaptable low robustness
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(d) Adaptable low robustness

Figure 9: Most realistic selective regime with s/K = 0.2, πH = 0.5 and πL = 0.1 The
information here is the same as in the previous graph, but it illustrates that changing low
robustness genotype clustering has no impact on the dynamics of adaptation. Plots are for
N = 10, 000 individuals, with µ = 0.001, P = 100, K = 5, q = 0.5 and s = 1, φH = 0.9,
φL = 0.1, πH = 0.5, πL = 0.1 and � = 0.1. Plots show averages over 1000 sample paths.

37



List of Tables

1 Model Parameters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

38



Parameter Interpretation

A ⊂ I The set of adaptable types

ζi The rate mutation of the ith adaptable type to the newly adaptive type

µ = θ

N
The rate of mutation

m̃ij The probability that the mutant offspring of an individual of type i has type j

Si =
σi√
N

The selective advantage of the ith type

Zi(t) The number of individuals of type i at time t

Table 1: Model Parameters
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